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We propose a new design of universal topological quantum computer device through a hybrid
of the 1-, 2- and 7-layers of chiral topological superconductor (χTSC) thin films. Based on the
SO(7)1/(G2)1 coset construction, strongly correlated Majorana fermion edge modes on the 7-layers
of χTSC are factorized into the composite of the Fibonacci τ -anyon and ε-anyon modes in the tri-
critical Ising model. Furthermore, the deconfinement of τ and ε via the interacting potential gives
the braiding of either τ or ε. Topological phase gates are assembled by the braidings. With these
topological phase gates, we find a set of fully topological universal gates for the (τ, ε) composite
Majorana-Ising-type quantum computation. Because the Hilbert space still possesses a tensor prod-
uct structure of quibts and is characterized by the fermion parities, encoding quantum information
in this machine is more efficient and substantial than that with Fibonacci anyons. The computation
results is easier to be read out by electric signals, so are the initial data inputted.
The topological quantum computation (TQC) based
on the non-abelian anyon is immune to the environment
fluctuations [1, 2], which is one of the original motiva-
tions of searching topological states of matter and topo-
logical materials. The earliest predicted material with
Ising-type non-abelian anyon is high quality semiconduc-
tor with even denominator fractional quantum Hall state
[3, 4]. Possible locally unpaired Majorana zero modes
(MZMs) which may locate at the ends of a Kitaev Majo-
rana chain [5] opens a new direction to seek the materials
for the TQC.
The Majorana fermion can emerge on the surface of a
strong topological insulator and MZMs can exist at the
vortex core of the proximity superconductor [16]. The
bound state of the vortex and the MZM at its core is
recognized as the Majorana bound state (MBS) which
is identical to the Ising-type non-abelian anyon.Various
theoretical and experimental attempts were inspired by
this scenario [17–27]. The proximity effect with the quan-
tum anomalous Hall insulator-superconductor (QAHI-
SC) structure may induce a chiral p-wave topological su-
perconductor with a single chiral Majorana fermion edge
mode (χMFEM) [28, 29], although it is still under debate
[30, 31].
Instead of the proximity effect, the superconducting
topological surface state of iron-based superconductors,
a novel state of quantum matter, provides a new platform
for finding MZMs [32–37]. The observations of the MZMs
inside the vortices have been claimed in FeTe0.55Se0.45
[38–42], (Li0.84Fe0.16)OHFeSe [43], CaKFe4As4 [44] and
LiFeAs [45] . We have recently proposed that an effective
chiral topological superconducting (χTSC) phase may
emerge in a coupled pair of the superconducting topo-
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logical surfaces, which is probably realized in the thin
films of iron-based superconductors [46].
It is known that the Ising-type anyons are not com-
plete to perform the universal TQC. To complete a set
of universal quantum gates in even denominator frac-
tional quantum Hall effect, non-topological phase gates
have to be supplemented [47]. For the Kitaev Majorana
chain, two MZMs located at two ends of the chain have
a phase difference pi2 and then form a zero energy non-
local charged fermion. They are thought of as a pair
of MBSs each of which binds a MZM with a phase ±pi4
up to a global phase. There is no way to topologically
braid these two MBSs because of the incompletion of the
Ising-type TQC. The same thing happens when a chiral
charged gapless edge fermion in a quantum anomalous
Hall sample is regarded as a pair of MBSs. A supple-
mentary voltage gate has to be added in order to braid
them [48]. Furthermore, another phase gate such as the
pi
8 -gate is needed for the universality [47].
While the Ising-type anyons are the current focus
of material searching for the TQC, the simplest anyon
model which supports the universal TQC is Fibonacci
anyon model [49–51]. However, the material candidates
to host the Fibonacci anyon are more restricted. Hope-
fully, the ν = 125 fractional quantum Hall effect [52] may
support the Fibonacci anyon [53], despite the substan-
tial uncertainties. Recent reports showed the possibility
that the Fibonacci anyon appears in a ν = 23 fractional
quantum Hall state, appropriately proximitized by su-
perconductor [54, 55]. This requires the survival of the
superconductivity in a strong magnetic field.
In a latest work, Hu and Kane presented a different
route to the Fibonacci anyon phase through 7-channel
interacting χMFEMs [56]. The reliability of this route
is based on the fact that the central charge of SO(7)1
conformal field theory (CFT) corresponding to 7 free
χMFEMs is c = 72 . The (G2)1 CFT has c =
14
5 and
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2the coset SO(7)1/(G2)1 CFT is of c =
7
2 − 145 = 710
which is equal to that of tricritical Ising (TCI) model
[57]. The Fibonacci anyon τ with conformal dimen-
sions 25 is the unique non-trivial primary field of the
(G2)1 CFT while the ε-anyon is a primary field of the
TCI model with the conformal dimension 110 . Thus, a
χMFEM γa(a = 1, ..., 7) in a given channel can be fac-
torized into a composite τaεa for
1
2 =
2
5 +
1
10 . Based on
this composite Majorana fermion factorization, Hu and
Kane showed that if the interaction between the left- and
right-χMFEMs acts merely on the G2 sector, a network
of Fibonacci phase may be constructed. They introduced
a Fibonacci interferometer in a Hall bar and claimed that
this device can probe the Fibonacci phase.
Before Hu and Kane’s work, the interacting Majorana
fermions in the strong coupling can exhibit a Fibonacci
phase has been discussed by Rahmani et al for Majorana-
Hubbard chain in which the system may be driven to the
TCI critical point [58, 59]. Notice that both τ and ε
are of the quantum dimensions dτ = dε = ϕ
+ = 1+
√
5
2 ,
the golden ratio. This means that both of G2 and the
TCI sectors are non-abelian and braiding one type of
these anyons alone is sufficient to implement the universal
TQC. However, the non-abelian nature of the Fibonacci
and TCI anyons was not touched by Rahmani et al as
well as Hu and Kane.
The Fibonacci TQC is universal but there are draw-
backs. Due to the lack of the tensor product structure
of the Hilbert space, only a subspace of the full fusion
space can be used to encode quantum information. Fur-
thermore, elementary gates like the Hadamard and Pauli-
X,Y, Z gates can not be easily obtained and are far from
straightforward. For instance, the NOT-gate (i.e., X
gate) requires thousands of braiding operations in very
specific orders [50, 60].
In this Letter, we will design devices which combine
the advantages of the Ising-type and the Fibonacci-
type anyons to equip an efficient universal TQC. For
this purpose, we first define a set of universal quantum
gates. With the required phase in mind, we identify the
propagating MBSs as the MFEMs if there is no confu-
sion. For the MFEMs, we choose the Clifford group:
the Hadamard gate H, the pi4 -phase gate σpi4 and the
controlled-NOT (CNOT) gate [46]. If the single qubit
basis is (|01〉, |10〉)T with the odd fermion parity (FP),
we have H = 1√
2
(Z + X), σpi
4
= diag(1, i), and σ
pi
4 =
diag(i, 1); and the CNOT = I ⊗X acts on 2-qubits with
the even FP basis (|000〉, |011〉, |110〉, |101〉)T . With the
τ and  anyons, we take θ-phase gates σθ = diag(1, e
i2θ)
for θ = 2pi5 and
pi
10 , respectively. (We define σ
θ =diag
(ei2θ, 1).) The Clifford group and a phase gate with
θ 6= npi4 give the universal quantum gates [61, 62].
A topological gate ZH has been set up with the
MFEMs in the QAHI-SC-QAHI junction device [48].
Since Z = (σpi
4
)2, one has H = (σpi
4
)2(ZH), X =
(σpi
4
)2(ZH)2 and Y = σ−
pi
4 σ−pi4 (ZH)
2. However, the
phase gates in such a device are controlled by electric
voltage and non-topological, which is the main source of
error in quantum computation [2, 46, 48]. The CNOT
gate designed by the MFEMs is also not fully topolog-
ical because the supplement from the pi4 -phase gates is
required [46]. σpi
8
is not topological either.
The purpose of this work is to design the topologi-
cal θ-phase gates through strongly correlated MEFMs so
that the TQC is universal. The interacting potentials
between the R- and L-χMFEMs reflect τ while ε trans-
mits and thus spatially deconfine τR/L and εR/L from
γR/L = τR/LεR/L. This induces the braiding between
τR and τL or εR and εL. We will demonstrate a device
realization of braidings τ - and ε-anyons in a hybrid of the
single-, double- and seven-(1-2-7-) layers of χTSC thin
films, e.g., the thin films of iron-based superconductors
with the superconducting topological surface states [46].
With this device, we can braid τ and ε, which yield topo-
logical braidings between two MFEMs that form a non-
local propagating chiral charged fermionic gapless edge
mode. This gives topological phase gates with θ = pi4 ,
pi
10
and 2pi5 to supplement the topological gates directly from
the braiding of the MFEMs in different non-local charged
fermionic edge modes. Thus, utilizing τ, ε and γ con-
junctively, this (τ, ε) composite Majorana-Ising-type (τε-
MIT) TQC is universal.
Since the core technique deconfining τ and ε from the
composite γ = τε is to introduce the specific interactions
between the MFEMs [56], we will analyze them in details
and argue how to realize them. Finally, we show that
the computation results with our designed universal TQC
can be read out by electric signals, so are the initial data
inputted.
Basic facts of G2. Although Hu and Kane listed most of
useful contents of G2 in their work [56], we would like to
compactly repeat part of them for reader’s convenience.
The simplest exceptional Lie group G2 as a subgroup of
SO(7) keeps
∑7
a,b,c=1 fabcγaγbγc invariant. We choose
the nonzero total antisymmetric fabc to be [63]
f124 = f235 = f346 = f457 = f561 = f672 = f713 = 1, (1)
and their permutations. The 21 generators of SO(7)
can be represented by 7 × 7 skew matrices Lm,nab =
i(δmaδnb − δnaδmb) where m < n = 1, ..., 7. The di-
mensions of G2 is 14 and the generators Ξ
α of the fun-
damental representation of G2 is given by [56, 64]
Ξα =
{
Lα,α+2−Lα+1,α+5√
2
, α = 1, ..., 7
Lα,α+2+Lα+1,α+5−2Lα+3,α+4√
6
, α = 8, ..., 14.
(2)
The quadratic Casimir operator is given by
14∑
α=1
ΞαabΞ
α
cd =
2
3
(δadδbc − δacδbd)− 1
18
∑
efg
abcdefgfefg,(3)
where abcdefg is the 7-dimensional total antisymmetric
tensor.
3Multilayer hybrid system. We consider the system that
consists of a hybrid of the 1-2-7-layers of χTSC thin
films. The χTSC thin films are separated layer-by-layer
by the trivial insulator. Thus, the χMFEM on the edge
of each χTSC layer is spatially separated with the other
χMFEMs. For N -layers, the free χMFEM in the edge of
an individual layer is described by the Hamiltonian
HR,La = ±
iv
2
γR,La
∂
∂x
γR,La , (4)
where a is the layer index and ± label the R- and L-
chirality. The 7-layer χMFEMs are described by the
SO(7)1 CFT. As we mentioned, if there are appropriate
interactions between the MFEMs, the SO(7)1 CFT can
be factorized by the coset SO(7)1/(G2)1. The (G2)1 CFT
has two types of anyons: Identity I and Fibonacci τ while
the TCI CFT has anyons I, ε, ε′, ε′′, σ, σ′ with the con-
formal dimensions 0, 110 ,
3
5 ,
3
2 ,
3
80 ,
7
16 , respectively. The
quantum dimensions of them are dε = dε′ = ϕ
+, dI =
dε′′ = 1; dσ =
√
2ϕ+, dσ′ =
√
2. Namely, except for
ε′′, the anyon with the highest conformal dimensions, all
the other non-trivial anyons are non-abelian. The fusion
space of the Neveu-Schwarz sector {I, ε′′, ε, ε′} is closed.
If they are classified according to the quantum dimen-
sions, i.e., It ≡ {I, ε′′}, τt ≡ {ε, ε′}, the fusion rules of
TCI anyons can be compacted as ItIt = It, Itτt = τt, and
τtτt = It + τt. They are exactly the same as those of the
Fibonacci anyon.
Interaction between R- and L-χMFEMs of 7-layers. For-
mally, the seven free χMFEMs Hamiltonian HR,L =∑
aH
R,L
a can be decomposed into H
R,L
Fibonacci + H
R,L
TCI .
The explicit expressions of the Fibonacci and TCI
Hamiltonians are not important here but we know that
[HR,LTCI , J
α
R,L] = 0 where the current operators J
α
R,L are
defined by JαR,L =
1
2
∑
a,bG
α
abγ
R,L
a γ
R,L
b [56]. The inter-
action considered by Hu and Kane between the R- and
L-χMFEMs reads
Hi = −λ
∑
α
JαRJ
α
L . (5)
Using Eq. (3), we rewrite Eq. (5) as
Hi = −λ
3
∑
a 6=b
γRa γ
R
b γ
L
b γ
L
a −
λ
3
∑′
γRa γ
R
b γ
L
c γ
L
d , (6)
where
∑′
means the summation runs over the indices
with abcdefgfefg = −1 (for more details, see [65]). If
any two MFEMs with a phase difference pi2 meet, they
become a local charged fermion, say, ψRab =
1
2 (γ
R
a + iγ
R
b ).
Since iγRa γ
R
b = 2n
R
ab − 1 = 2n˜Rab with the fermion num-
ber operator nRab = ψ
R†
ab ψ
R
ab, for λ > 0, the interaction
Hamiltonian becomes the short range Coulomb interac-
tions with a particle-hole symmetry
Hi = U
∑
a 6=b
n˜Rabn˜
L
ba + U
∑′
n˜Rabn˜
L
cd
= U
∑
a 6=b
n˜RLaa n˜
RL
bb + U
∑′
n˜RLad n˜
RL
bc , (7)
FIG. 1: (Color online) The illustrations of the interactions.
(a) and (b): The first and second lines of Eq. (7) which braid
τ and ε via the former reflected and the latter transmitting,
respectively. (c) and (d): The worldlines of the anyons that
correspond to (a) and (b), respectively. (e), (f), (g) and (h):
Several examples of the interactions with the solid line being
the edge of the χTSC and the lower index in γ being the layer
index. (e) n˜L12n˜
R
21, (f) n˜
LR
11 n˜
LR
22 , (g) n˜
L
35n˜
R
67, and (h) n˜
LR
37 n˜
LR
56 .
For more details, see [65].
FIG. 2: (Color online) The setup of the CNOT gate. N is
the Chern number and the layers of χTSC thin films. The
black squares stand for the leads and the hollowed ones for
the phase gates Ga(θa). When 2θ1,3,5 =
pi
2
and 2θ2,4 = −pi2 ,
this gives the CNOT gate.
where U = 4λ3 and n˜
RL
ad = n
RL
ad − 12 for the fermion num-
ber operator nRLad = ψ
RL†
ad ψ
RL
ad with ψ
RL
ad =
1
2 (γ
R
a + iγ
L
d ),
and so on. Therefore, it is possible to realize the inter-
actions , e.g., one can make four narrow stripes of the
χTSC sample from the edges of the thin films of the
χTSC to a domain where the MFEMs interact [65]. Fig.
1 depicts the four types of interactions in Eq. (7), re-
spectively. In real materials, the coupling constant λ
may be dependent on the domains. But if the strengths
of these coupling constants are in the same order, these
differences are not relevant at the strong coupling fixed
point. The τ -anyon in the domain gains an energy gap
∆ ∼ e−piv/2λ for λ > 0 [56]. This means that in the
strong coupling region τ is reflected by this interaction
potential while ε transmits (See Figs.1 (a) and (b)). In
this sense, the MFEMs in the interaction domains be-
come non-local and are specially separated into τ and .
Notice that the interactions γRa γ
R
b γ
L
b γ
L
d with a 6= b 6= d,
etc will gap ε. Therefore, when introducing the MFEMs
to the interacting domains, one must avoid this type of
interactions.
CNOT gates with MFEMs. We will design devices for
4FIG. 3: (Color online) The setup of the element G(θ) for
braiding of two MFEMs which form a non-local charged
fermion. (a) The device setup with the orange and purple
parts being the interaction areas. (b), (c), and (d): The
worldlines between the in and out states, which represent
G(pi
4
), G(− pi
10
) and G(− 2pi
5
), respectively. (e) The top view of
the device for G(pi
4
). The top views for G(− pi
10
) and G(− 2pi
5
)
are similar and shown in [65]. The left-half of the dashed-dot
line is the anyon braiding in the orange area of (a) while the
right half is the anyon braiding in the purple area of (a).
the τε-MIT universal TQC. The universal gates for this
quantum computer with MFEMs, the ZH gate and the
CNOT gate supplemented by the phase gates, have been
given in our very recent work [46]. The phase gates sup-
plied by the voltage gates are not topological. For exam-
ple, the setup of the CNOT gate is shown in Fig. 2. The
phases of the gates Ga(θa) = e
−i2θa for even FP states
must be adjusted to 2θa = ±pi2 so that these gates are
pi
4 -gates. For readers’ convenience, we give more details
in [65].
Topological phase gates with τ - and ε-anyons. We now
want to design the phase gates σθ and CNOT topolog-
ically. Fig. 3 (a) is the schematics of the gates G(θ).
According to Figs. 1 (a) and (b), the exchanges of τ -
and ε-anyons are given by τ1 → τ2, τ2 → ei 4pi5 τ1 and
ε1 → ε2, ε2 → eipi5 ε1. G(θ) makes the anyons exchange
twice: Exchanging τ and ε in turn gives G(pi4 ),
τ1ε1 + iτ2ε2 → τ2ε1 + iei 4pi5 τ1ε2 → τ2ε2 + iei 4pi5 τ1eipi5 ε1
= τ2ε2 − iτ1ε1 = −i(τ1ε1 + iτ2ε2). (8)
This corresponds to γ1 → γ2, γ2 → −γ1 or γa → e−ipi2 γa
since γa = τaεa. Exchanging ε twice gives G(− pi10 ),
τ1ε1 + iτ2ε2 → τ1ε2 + iτ2(eipi5 ε1) = τ1ε′1 + iτ2ε′2
→ τ1ε′2 + iτ2ei
pi
5 ε′1 = e
ipi5 (τ1ε1 + iτ2ε2). (9)
This corresponds to γa → eipi5 γa. Exchanging τ twice
gives G(− 2pi5 ) and corresponds to γa → ei
4pi
5 γa. Notice
that G(−pi4 ) = (G(pi4 ))3; G(− 2pi5 ) = (G(− pi10 ))4; G( pi10 ) =
(G(− pi10 ))9; and G( 2pi5 ) = (G(− pi10 ))6, and so on.
A set of universal topological quantum gates. We al-
ready know that the ZH gate is topological [46, 65].
Equipping Ga(±pi4 ) to Fig. 2, we have the CNOT
gate [46, 65]. For a single-qubit with the odd FP ba-
sis |nAnB〉, when equipping G(θ) to |nB〉-states, we
have the phase gates σθ =diag(1, G(−θ)). The Clif-
ford gates {ZH, σpi
4
, CNOT} with σ pi
10
form a set of uni-
versal topological quantum gates. To see this, we use
X2/n = Hσpi
n
H, F1/5 = X
2/5σpi
4
X−2/5, U1 = σ−1pi
10
X1/5
and U2 = F
−1
1/5U1F1/5. Any unitary matrix U in SU(2)
can be constructed through U1 and U2 in a desired poly-
nomial precision, similar to the case by using the Clifford
gates with σpi
8
[61]. It is well known that the set of all
U ∈ SU(2) together with the CNOT are universal [66].
Therefore, a set of universal quantum gates is topolog-
ically realizable with utilizing of γ,τ and ε edge modes in
a hybrid of 1-2-7- layers of the χTSC thin films. Encod-
ing quantum information with this set of quantum gates
is much more efficient than that by using either the Fi-
bonacci or TCI quantum gates alone. For example, it
is easy to obtain the Pauli gates, instead of thousands
of the braiding operators by using the Fibonacci gates
[50, 60]. Comparing with that of Fibonacci anyons, the
structure of the Hilbert space of the Ising-type anyons is
simple: It is the tensor product of the single qubits.
Electric signals of the outputs. Since the initial and
finial states are the charged fermions, the inputs and
readout of the designed TQC are electric. To read
out the computation results of the TQC, we must
translate the outgoing states of the quantum gate
operations into electric signals. For a 1-qubit, the
conductance between the leads at the two ends of the
device measures the operating result [48]. Here, we
give an example for the 2-qubits, the CNOT gate (see
Fig. 2). The basis of the incoming state with the FP
even is (|0A0B0C〉, |0A1B1C〉, |1A1B0C〉, |1A0B1C〉)T
and the FP even outgoing basis is
(|0D0E0F 〉, |0D1E1F 〉, |1D1E0F 〉, |1D0E1F 〉)T . The
FP 0 or 1 can be read out by the electric signals at the
leads. The CNOT gate changes |1A1B0C〉 to |1A0B1C〉
and vise versa, while keeping |0A0B0C〉 and |0A1B1C〉
unchanged. Thus, these states changes can be read
out form the conductance between the Lead2 and
Lead3: σ23 = (1 − 〈ψout|ψin〉) e2h . Namely, σ23 = e2/h
for |ψin〉 = |1A1B0C〉 or |1A0B1C〉 while σ23 = 0 for
|ψin〉 = |0A0B0C〉 or |0A1B1C〉. In [65], we give more
electric readouts of the computing outputs.
For the general phase gates Ga(θa) = e
−i2θa in Fig. 2,
the outgoing state |ψout〉 is given by |ψout〉 = U(θa)|ψin〉
where |ψin〉 is the incoming state and U(θa) is the unitary
transformation corresponding to Fig. 2 (See [65]). For
example, for an incoming state |ψin〉 = |0A0B0C〉, the
outgoing state is |ψout〉 = 12 (1 − e−i(θ3+θ5))|0A0B0C〉 +
1
2e
−i2θ2(1 + e−i2(θ3+θ5))|0A1B1C〉 and the corresponding
conductance is σ23 = cos
2(θ3 +θ5)
e2
h . For the topological
5CNOT gate, these Ga(θ) gates are given by the device in
Fig. 3 and 2θ1 = 2θ3 = 2θ5 =
pi
2 and 2θ2 = 2θ4 = −pi2 ,
σ23 exactly gives the result we analyzed before.
Conclusions. We showed that the τε-MIT TQC is uni-
versal. Thus, if the χTSC materials are found, hardwares
of the efficient universal TQC are expected. With this
TQC, it is hopeful to practice quantum algorithms such
as Shor’s factoring algorithm and Grover’s search algo-
rithm, etc. and read out the computing results in elec-
tric signals. Finally, we would like to mention that a full
study to the fusions and nonableian braidings of τ and τt
for the hybrid structure is not the goal of this work but
we give a snapshot in [65].
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